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Abstract. Given a knot K and a generic slope r, we study the Kauffman bracket skein module
(KBSM) S(EK(r),Q(A)) of the Dehn filling EK(r) of slope r along K, assuming that the KBSM
S(EK ,Q[A±1]) of the exterior EK of K is finitely generated over S(∂EK ,Q[A±1]). As shown
in [Lê06], this condition is satisfied for K a two-bridge knot. In this setting, we show that
dimC(Sζ(EK(r))) = dimQ(A)(S(EK(r))) for almost all primitive 2N -th roots of unity ζ with
N odd, and for almost all slopes r. When the character variety of a 3-manifold M is finite
(which is the case for these Dehn fillings), we also discuss the decomposition of Sζ(M) in terms
of localized skein modules. In particular, the dimension of the localized skein modules at a
non-central point is the multiplicity of this point in the character variety.

1. Introduction

1.1. The Kauffman bracket skein module. Let M be a compact oriented 3-manifold, let
R be a commutative ring and let A be a choice of an invertible element of R. The Kauffman
bracket skein module SA(M, R), or simply skein module here, was introduced independently by
Przytycki ([Prz91]) and Turaev ([Tur88]). It is defined as the R-module spanned by the framed
links in M modulo isotopies and the Kauffman skein relations:

For a surface Σ, we write SA(Σ, R) instead of SA(Σ × I, R).
If the choice of A is clear, we simply write S(M, R), or even S(M) if R = Q(A). For ζ ∈ C∗, we
define Sζ(M) := Sζ(M,C).

Although the definition of the skein module is simple, its computation is notoriously difficult.
In fact, the skein module S(M,Q[A±1]) is known only for a limited number of 3-manifolds, such
as lens spaces [HP93, Theorem 4], S2 ×S1[HP95], the exterior of a 2-bridge knot [Lê06, Theorem
2], RP 3#RP 3 [Mro11, Theorem 1], and (S2 × S1)#(S2 × S1) [BKSW25, §3].
It is worth noting that the structure of S(M,Q[A±1]) can be complicated as S(S2×S1,Q[A±1]) is
not finitely generated and S(RP3#RP3,Q[A±1]) is not even a sum of finitely generated modules.
However, when R = Q(A) we get a simpler structure for the skein module. Mainly, we know
the following striking result:

Theorem 1.1. [GJS23, Theorem 1] For M a closed 3-manifold, S(M) is a finite dimensional
Q(A)-vector space.

Unfortunately, the proof of [GJS23] is not constructive and cannot be used to compute S(M).
An alternative proof can be found in [BD25], where, unlike [GJS23], the dimension of S(M) is
bounded (from above) using an algorithm that computes an explicit set of generators. However,
the algorithm is computation-heavy and the result set is often not optimal.
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We also know a handful more examples of closed 3-manifolds than for R = Q[A±1] in the
case R = Q(A), most notably Σ × S1 [GM19, DW21], most surgeries on the figure eight knot
[DKS25a], and small Seifert manifolds [DKS25b].

On the other hand, the interpretation of the dimension of S(M) is the subject of the following
conjecture:

Conjecture 1.2. [GS24, Conjecture C] For a closed 3-manifold M , we have that

dimQ(A)(S(M)) = dimC HP 0
#(M)

where HP#(M) is the Abouzaid-Manolescu homology [AM20].

Overall, the computation and interpretation of the dimension of S(M) remain a very difficult
and open problem.

1.2. The results. This work extends a Theorem of [DKS25a] which was used to compute the
skein module of small Seifert manifolds in [DKS25b]. We recall their result below.

For an oriented connected manifold M , let

χ(M) = Hom(π1(M), SL2(C))//SL2(C)

be the SL2(C)-character scheme of M and X(M) its underlying algebraic set. The character
variety X(M) can be seen as the quotient of Hom(π1(M), SL2(C)) in which two representations
are identified if and only if their traces coincide. If C[χ(M)] has no non-trivial nilpotent elements,
we say that the character variety is reduced. It is worth noting that, when X(M) is finite and
reduced, Conjecture 1.2 becomes that the dimension of S(M) is the number of characters of
X(M) [AM20, Theorem 1.4].

It is well known that, by [Bul97, PS00, Lê15, BW16], Sζ(M) has a structure of C[χ(M)]-
module (see Section 2 for more details).

The module S(M,Q[A±1]) is called tame if it can be expressed as a direct sum of cyclic
Q[A±1]-modules and does not contain Q[A±1]/(ϕ2N ) as a submodule for at least one odd N,
where ϕ2N is the 2N -th cyclotomic polynomial.

Their result is then the following:

Theorem 1.3. [DKS25a, Theorem 1.1] Let M be a closed 3-manifold such that S(M,Q[A±1])
is tame and X(M) is finite.
Then, for almost all primitive 2N -th roots of unity ζ with N odd,

dimQ(A) S(M) = dimC Sζ(M) = |X(M)|

where |X(M)| is the number of points in X(M) counted with multiplicity.

Remark 1.4. The original version of this theorem required X(M) to be reduced. However, one
can use the work of [FTFKB25] to remove this condition. We make this claim more precise in
Section 4.5.

Unfortunately, the tameness condition is not easy to check. The closed 3-manifolds known
to be tame typically satisfy the stronger condition of having S(M,Q[A±1]) finitely generated
over Q[A±1] and are essentially Dehn fillings on the figure-eight knot [DKS25a, Theorem 4.3]
and small Seifert manifolds [DKS25b, Theorem 1.2]. Nonetheless, it is conjectured in [DKS25b,
Conjecture 1.1] that every closed small 3-manifold is tame.

In Section 3.2, we will prove the first equality of Theorem 1.3 for a family of Dehn fillings
including Dehn fillings on two-bridge knots without requiring the tameness condition.

Recall that for a knot K with exterior EK , as a skein module of a manifold with torus-
boundary, the skein module S(EK ,Q[A±1]) has the structure of an S(T2,Q[A±1])-module, then:
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Theorem 1.5 (Main Theorem 1). Let K be a knot such that S(EK ,Q[A±1]) is a finitely gen-
erated S(∂EK ,Q[A±1])-module. Then, for almost all slopes r and almost all primitive 2N -th
roots of unity ζ,

dimQ(A) S(EK(r)) = dimC Sζ(EK(r))
Where EK(r) is the Dehn filling of slope r along K.

Remark 1.6. Note that because of [DKS25a, Theorem 2.1], for infinitely many ζ, dimC(Sζ(EK(r)))
is greater than or equal to the number of points in X(EK(r)) (without multiplicity) and thus
X(EK(r)) is finite.

Remark 1.7. According to [Lê06, Theorem 2], if K is a 2-bridge knot, S(EK ,Q[A±1]) is finitely
generated over S(∂EK ,Q[A±1]). Therefore the result of Theorem 1.5 is valid for almost all Dehn
fillings on two-bridge knots.

A small knot is a knot for which the exterior does not contain any essential surface. Generi-
cally, a knot that is not small does not have S(EK ,Q[A±1]) finitely generated over S(∂EK ,Q[A±1]).
By contrast, it is widely believed by experts that this condition is satisfied for small knots.

Remark 1.8. Having S(EK ,Q[A±1]) finitely generated over S(∂EK ,Q[A±1]) still makes sense
when EK is replaced by a 3-manifold M with ∂M ≃ T2 and our main result (Theorem 1.5)
applies to that setting as well.

A character [ρ] ∈ X(M) is said irreducible if ρ is irreducible, central if Im(tr ρ) = {±2}
and abelian non-central otherwise. Moreover, the notion of reduced skein module, introduced
in [FKBL19], associates to a character [ρ] a quotient of Sζ(M) denoted Sζ,[ρ](M). The reduced
skein modules, along with the localized skein modules, will be introduced in more details in
Section 2.

In the following theorem, we give a replacement for the second equality of Theorem 1.3 under
a condition including the Dehn fillings we considered in Theorem 1.5:

Theorem 1.9 (Main Theorem 2). Let M be a closed oriented 3-manifold such that χ(M) is
finite. For [ρ] ∈ χ(M), let n[ρ] be the multiplicity of [ρ]. Let χ0 ⊂ χ(M) be the set of central
characters and let 1 be the trivial representation.
Then, for all primitive 2N -th roots of unity ζ with N odd,

Sζ(M) = (Sζ,[1](M))|χ0| ⊕
[ρ]∈χ(M)\χ0

Cn[ρ]

According to [DKS25a, Theorem 2.2], for any [ρ] ∈ X(M), dimC Sζ,[ρ](M) ≥ 1. Then we have
the following corollary:

Corollary 1.10. Let M be a closed oriented 3-manifold such that χ(M) is finite, then:
dimC Sζ(M) ≥ |X(M)|

Where |X(M)| is counted with multiplicity.

By Remark 1.6, when S(EK ,Q[A±1]) is finitely generated over S(∂EK ,Q[A±1]), Theorem 1.9
applies to EK(r) for almost all slopes r, therefore we get:

Corollary 1.11. Let K be a knot such that S(EK ,Q[A±1]) is finitely generated over S(∂EK ,Q[A±1])
and ζ be a primitive 2N -th root of unity with N odd.
Then for almost all slopes r ∈ Q, dimQ(A) S(EK(r)) ≥ |X(EK(r))|, where |X(EK(r))| is counted
with multiplicity.

Unfortunately, we do not know how to compute Sζ,[1](M) yet, nonetheless we propose the
following conjecture:
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Conjecture 1.12. Let M be an oriented closed 3-manifold and ζ be a primitive 2N -th root of
unity with N odd. If X(M) is finite, then

Sζ,[1](M) ≃ C

If this conjecture is true, a knot K such that S(EK ,Q[A±1]) is finitely generated over
S(∂EK ,Q[A±1]) will also verify that, for almost all r ∈ Q ∪ {∞}:

dimQ(A) S(EK(r)) = dimC Sζ(EK(r)) = |X(EK(r))|

Where |X(EK(r))| is the number of characters of X(EK(r)) counted with multiplicity.
We first introduce the fundamental notions connecting the character variety to the skein

modules in Section 2. Then, we prove Theorem 1.5 in Section 3. To do so, we adapt a proof
of [Det21] to find a finitely generated localization of S(EK(r),Q[A±1]). After which, we follow
a line of reasoning presented in [DKS25a] to show that the free part of this localization has
the same rank as S(EK(r)) and Sζ(EK(r)) for almost all roots of unity ζ of order ord(ζ) ≡ 2
(mod 4).

In Section 4 we adapt the proofs of [FTFKB25] to non-central characters in order to show
Theorem 1.9.

1.3. Acknowledgment. I would like to thank my PhD supervisor, Renaud Detcherry, for his
substantial help during the elaboration of this paper. I would also like to thank Victor Chachay
for helping me understand the algebraic geometry background required for this work.
The IMB receives support from the EIPHI Graduate School (contract ANR-17-EURE-0002).

2. Notation and preliminaries

We recall the relation between character variety and skein module below.
The first fundamental result is connecting S−1(M) with the character variety by:

Theorem 2.1. [Bul97, PS00] The following linear map is an isomorphism :

τ : S−1(M) −→ C[χ(M)]

L 7−→
n∏

i=1
(−tr(Ki))

Where K1, . . . , Kn are the components of the link L.

It was initially established in [Bul97] up to nilpotents, and later completely proven in [PS00].
The structure of Sζ(M) is also deeply connected to the character variety through the threading

map of [BW16] which we describe below. First, we need to recall the definition of Chebychev
polynomials of the first kind:

(T)
{

T0 = 2, T1 = X
∀n ≥ 2, Tn = XTn−1 − Tn−2

Let ζ be a primitive 2N -th root of unity with N odd. As demonstrated in [Lê15], for a link
L, the element TN (L) ⊔ L′ ∈ Sζ(M) depends solely on L′ and the homotopy class of TN (L). Let
τ : S−1(M) → Sζ(M) be the linear map defined by τ(L) = TN (L).
Then,

Theorem 2.2. [BW16][Lê15] For ζ a primitive 2N -th root of unity with N odd, τ gives Sζ(M)
the structure of a S−1(M)-module.
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Then, thanks to Bullock-Przytycki-Sikora’s Theorem, Sζ(M) has a structure of C[χ(M)]-
module.
As an affine variety, the maximal ideals of C[χ(M)] correspond to the points of χ(M), we denote
MaxSpec(S−1(M)) = {m[ρ], [ρ] ∈ χ(M)}.
Following [FTFKB25], we define the reduced skein module at a character [ρ] ∈ χ(M) to be:

Sζ,[ρ](M) := Sζ(M)
⊗

S−1(M)

S−1(M)⧸m[ρ]

Similarly, the localized skein module at [ρ] is:

Sζ(M)[ρ] := Sζ(M)
⊗

S−1(M)
(S−1(M) \ m[ρ])−1S−1(M)

When [ρ] is an isolated and reduced point of S−1(M), we have that S−1(M)[ρ] ≃ S−1,[ρ](M) ≃
C and the localized skein module at [ρ] has the same dimension over C as the reduced skein
module at [ρ].

Let L, L′ be links in M and K1, . . . , Kn be the components of L. Because of the structures
given by Theorem 2.1 and Theorem 2.2, the following relation holds in Sζ,[ρ](M):

TN (L) ⊔ L′ = (
n∏

i=1
−tr(ρ(Ki)))L ∈ Sζ,[ρ](M)

In fact Sζ,[ρ](M) is the quotient of Sζ(M) by all relations of this type.
When χ(M) is finite, S−1(M) is Artinian, we then have the following decomposition:

Sζ(M) =
⊕

[ρ]∈χ(M)
Sζ(M)[ρ]

3. Stabilization of the dimension of Sζ(EK(r)) at dimQ(A) S(EK(r))

3.1. A finitely generated localization of S(EK(r),Q[A±1]). For a polynomial U ∈ Q[A±1],
denote RU := Q[A±1][U−1].
The main result of this section will be Proposition 3.5. Nonetheless, it needs some technicalities
to be stated in its precise form. For clarity, we give a paraphrase here:

Proposition 3.1. Let K be a knot such that S(EK ,Q[A±1]) is a finitely generated S(∂EK ,Q[A±1])-
module, then there exists a polynomial U such that, for almost all slopes r, S(EK(r), RU ) is
finitely generated over RU .

The main tool here is the Frohman-Gelca basis of S(T2,Q[A±1]) used on S(EK ,Q[A±1])
through its S(∂EK ,Q[A±1]) ≃ S(T2,Q[A±1])-module structure. We describe the Frohman-
Gelca basis below.

Fixing two oriented curves λ and µ intersecting once on T2, let x, y be coprime integers, we
define γ(x,y) to be the skein element represented by an oriented curve of homology class xλ + yµ

on T2 ×I. In our context, we choose λ to be a meridian of K and µ a longitude. The multicurves
γn

(x,y), consisting of n parallel copies of γ(x,y), together with the empty curve, form a basis of
S(T2,Q[A±1]).

Recall that the definition of Chebychev polynomials of the first kind {Tn} is given at (T).
Frohman and Gelca introduced the following basis of S(T2,Q[A±1]), for which the product
(stacking operation) satisfies the so-called product-to-sum formula:

Theorem 3.2. [FG00, Theorem 1] The family {(x, y)T := Td(γ( x
d

, y
d

)), d = gcd(x, y)} is a basis
for S(T2,Q[A±1]) for which we have the following:

(x, y)T ⋆ (z, t)T = Axt−yz(x + z, y + t)T + Ayz−xt(x − z, y − t)T
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Remark 3.3. Here, we choose the convention (0, 0)T = 2 · ∅.

We precede the proof of Proposition 3.5 with the following lemma:

Lemma 3.4. For any knot K and for every f ∈ S(EK ,Q[A±1]), there exists a polygon Pf with
vertix set Sf ⊂ Z2, and coefficients cf

α,β ∈ Q[A±1] such that,

 ∑
(α,β)∈Pf ∩Z2

cf
α,β(α, β)T

 · f = 0

Where (α, β)T ∈ S(∂EK ,Q[A±1]) ≃ S(T2,Q[A±1]).

Moreover, the coefficients can be chosen so that


(−Pf ) = Pf

∀(α, β) ∈ Pf ∩ Z2, cf
α,β = cf

−α,−β

∀(α, β) ∈ Sf , cf
α,β ̸= 0

.

Proof. It is stated in [BD25, Corollary 1.7] that as long as the boundary of a compact oriented
3-manifold M is not a disjoint union of spheres, we have that for every f ∈ S(M,Z[A±1]), there
exists a non-zero element z ∈ S(∂M,Z[A±1]) such that z · f = 0. It implies in our case the
existence of a non-zero element z in S(∂EK ,Q[A±1]) such that z · f = 0.
Since S(∂EK ,Q[A±1]) ≃ S(T2,Q[A±1]), we can express z in the Frohman-Gelca basis and get:

 ∑
(α,β)∈Pf ∩Z2

cf
α,β(α, β)T

 · f = 0

where Pf is a polygon with vertices in Z2. Because (α, β)T = (−α, −β)T in the Frohman-Gelca
basis, this relation can be chosen such that (−Pf ) = Pf and cf

α,β = cf
−α,−β ∈ Q[A±1] for

(α, β) ∈ Pf ∩ Z2. Moreover, cf
α,β ̸= 0 for (α, β) ∈ ∂Pf ∩ Z2. □

Let K be a knot such that there exists a set of generators F of S(EK ,Q[A±1]) over S(∂EK ,Q[A±1]).
For each f ∈ F , let Pf and cf

α,β be given by Lemma 3.4, denote Sf the set of vertices of Pf and
let

U :=
∏
f∈F

∏
(α,β)∈Sf

cf
α,β

We now have introduced all the elements we needed to state Proposition 3.1 more precisely:

Proposition 3.5. For all slopes r such that r−1 is not a slope of any of the polygons Pf ,
S(EK(r), RU ) is finitely generated over RU = Q[A±1][U−1].

Proof. To start with, since S(EK , RU ) = S(EK ,Q[A±1])⊗RU , F also generates S(EK , RU ) over
S(∂EK , RU ).
Since every element of S(EK(r), RU ) can be isotoped into EK , to show that S(EK(r), RU ) is
finitely generated over RU , it suffices to show that S(EK , RU ) is finitely generated over RU as a
subspace of S(EK(r), RU ). This can be done by showing that S(∂EK , RU ) · f ⊂ S(EK(r), RU )
is finitely generated over RU for every f ∈ F . In the following, we fix a generator f ∈ F .
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First, we can multiply the relation of Lemma 3.4 on the left with an element (µ, ν)T ∈
S(∂EK , RU ). Then, using the product-to-sum formula, we obtain:

0 = (µ, ν)T ⋆

 ∑
(α,β)∈Pf ∩Z2

cf
α,β(α, β)T

 · f

=

 ∑
(α,β)∈Pf ∩Z2

Aµβ−ναcf
α,β(α + µ, β + ν)T +

∑
(α,β)∈Pf ∩Z2

A−µβ+ναcf
α,β(α − µ, β − ν)T

 · f

=

 ∑
(α,β)∈Pf ∩Z2

Aµβ−ναcf
α,β(α + µ, β + ν)T +

∑
(α,β)∈(−Pf )∩Z2

Aµβ−ναcf
−α,−β(−α − µ, −β − ν)T

 · f

Since (−α−µ, −β −ν)T = (α+µ, β +ν)T , cf
−α,−β = cf

α,β and (−Pf ) = Pf , the last line becomes:

(1)

 ∑
(α,β)∈Pf ∩Z2

2Aµβ−ναcf
α,β(α + µ, β + ν)T

 · f = 0

Keeping in mind Relation (1), we get a second relation from the surgery : performing a
surgery of slope r = p

q
(with gcd(p, q) = 1) on K makes the curve γp,q = (p, q)T trivial. Thus,

(p, q)T · f = (−A2 − A−2) · f in S(EK(r), RU ). We then multiply by (µ, ν)T on the right and
use the product-to-sum formula to deduce more relations, we obtain:

(2)
(
Apν−qµ(p + µ, q + ν)T + (−A2 − A−2)(µ, ν)T + Aqµ−pν(p − µ, q − ν)T

)
· f = 0

To show that S(∂EK , RU )·f is finitely generated over RU , choose two morphisms λ, ϵ : Z2 → Z
such that λ ̸= 0, λ(p, q) = 0 and ϵ(p, q) = 1.
Since q

p
is not a slope of Pf , λ has a unique maximum M and a unique minimum −M on Pf .

Let (x, y) be such that λ(x, y) ≥ M and let (a, b) realize the maximum for λ over Pf . Relation
(1) with (µ, ν) := (x − a, y − b) gets (x, y) = (a + µ, b + ν) to be the unique maximum for λ

between all the vertices involved in the relation. Since cf
(a,b) ̸= 0, this gives an expression of

(x, y)T · f as a linear combination of elements with lesser images by λ. Note that we need to
inverse the coefficients 2Aµβ−ναcf

α,β for every vertex (α, β) of Pf , which may not be possible in
Q[A±1] but is possible in RU .
By doing this also for the unique minimum −M of Pf , we find that S(∂EK , RU ) · f is spanned
by elements (x, y)T · f such that −M ≤ λ(x, y) ≤ M .

Similarly, since Apν−qµ is invertible and because (p − µ, q − ν)T = (µ − p, ν − q)T , relation (2)
expresses (µ + p, ν + q)T · f (resp. (µ − p, ν − q)T · f) as a linear combination of elements with
same image by λ but lesser (resp. greater) image by ϵ.

In the end, S(∂EK , RU ) · f is spanned by elements (x, y)T · f such that −M ≤ λ(x, y) ≤ M
and 0 ≤ ϵ(x, y) ≤ 1 which have coordinates in the intersection of two non-parallel bands of Z2

and thus form a finite set. □

Remark 3.6. Fixing the slope and the associated λ (if possible), the choice of U can be reduced
to the product of coefficients cf

α,β with (α, β) realising the maximum and the minimum of λ on
Pf for each generator f .

3.2. The proof of Theorem 1.5. We adapt the method of [DKS25a, Theorem 3.1] for a Dehn
filling over a knot K such that S(EK ,Q[A±1]) is finitely generated over S(∂EK ,Q[A±1]):
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Proof of Theorem 1.5. By Proposition 3.5, there exists a polynomial U ∈ Q[A±1] for which
S(EK(r), RU ) is finitely generated over RU = Q[A±1][U−1].
The ring RU is a PID as a localization of a PID (see [AM69, Prop. 3.11] for instance). Then,
S(EK(r), RU ) is finitely generated over RU and thus, see for instance [Hun80, Theorem IV.6.12],
has a decomposition as

S(EK(r), RU ) = F
⊕

i

RU⧸qsi
i

where F is a free RU -module and the direct sum is finite over certain powers of certain irre-
ducibles qi ∈ RU , qi ̸= 1, possibly repeating themselves.
It follows that dimQ(A)(S(EK(r))) = rkRU

(F ):

S(EK(r)) = S(EK(r), RU ) ⊗ Q(A) ≃ (Q(A))rkRU
(F )

On the other hand, let ζ be a primitive 2N -th root of unity, such that ζ is not a root of any qi

or of U . Thus, RU⧸qsi
i

⊗
A=ζ

C = 0 and:

Sζ(EK(r)) = S(EK(r), RU ) ⊗
A=ζ

C ≃ CrkRU
(F )

Thus, dimQ(A)(S(EK(r))) = rkRU
(F ) = dimC(Sζ(EK(r))). □

4. Dimension of Sζ(M)

By Remark 1.6, if K is a knot such that S(EK ,Q[A±1]) is finitely generated over S(∂EK ,Q[A±1])
and for almost all slopes r, EK(r) is as a 3-manifold with finite character variety. In general, the
study of the skein module Sζ(M) of a closed oriented 3-manifold with finite character variety
reduces to the study of the localized skein modules Sζ(M)[ρ] through the decomposition:

Sζ(M) =
⊕

[ρ]∈χ(M)
Sζ(M)[ρ]

In order to explain the state of the art on localized skein modules, we will use some notions
of affine PI algebras:

4.1. Almost Azumaya algebras.

Definition 4.1. Let A be a C-algebra.
If A is affine, prime with finite rank over its center, then A is said to be almost Azumaya.

In this case (see [BG02, III.1.2]), there is an integer D such that the dimension of A ⊗
Z(A)

Frac(Z(A)) over Frac(Z(A)) is D2. The integer D is called the PI-degree of A.

Definition 4.2. If A is almost Azumaya, the Azumaya locus is

Azu(A) = {m ∈ MaxSpec(Z(A)), A⧸mA ≃ MD(C)}

For a finitely generated A-module K, we also define

Azu′
A(K) := {m ∈ MaxSpec(Z(A)), dimC(K⧸mK) = dimF rac(Z(A))(K ⊗

Z(A)
Frac(Z(A)))}

Proposition 4.3. [BG02, Theorem III.1.7] Azu(A) is Zariski open.

Proposition 4.4. Azu′
A(K) is Zariski open.
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Proof. Let d = dimF rac(Z(A))(K ⊗
Z(A)

Frac(Z(A))).

For p ∈ Spec(Z(A)), let κ(p) = Z(A)p⧸pZ(A)p be the residue field of p.
Let Λ : Spec(Z(A)) → N be defined by Λ(p) = dimκ(p)(K ⊗ κ(p)).
For m ∈ MaxSpec(Z(A)), we have that κ(m) = C and Λ(m) = dimC

K⧸mK. Moreover, since A
is prime, Z(A) has no zero divisors, then (0) ∈ Spec(Z(A)) and we have κ((0)) = Frac(Z(A))
and Λ((0)) = d.
It is known that Λ is upper semi-continuous ([Har77, Example 12.7.2]). In particular, for every
p ∈ Spec(Z(A)), the set {p′ ∈ Spec(Z(A)), Λ(p′) ≤ Λ(p)} is an open neighborhood of p.
Moreover, in the Zariski topology, (0) is included in every neighborhood of any prime ideal ((0)
is called a generic point of Spec(Z(A))).
This shows that d = Λ((0)) is the minimal dimension for {κ(p)}p∈Spec(Z(A)).
It implies that Azu′

A(K) = {m ∈ MaxSpec(Z(A)), Λ(m) ≤ d} and then, again by the upper
semi-continuity of Λ, Azu′

A(K) is open. □

4.2. Reduced skein module. Following [FTFKB25], for M a closed oriented 3-manifold, we
consider a Heegaard splitting M =: H1 ∪

Σ
H2 of M .

Then, the map S−1(Σ) → S−1(M) is surjective and we can consider Spec(S−1(M)) as a
subspace of Spec(S−1(Σ)).

Also, since ∂Hi = Σ, we view Sζ(Hi) as a Sζ(Σ)-module.
Moreover, by [FKBL19, Theorem 4.1], Z(Sζ(Σ)) ≃ S−1(Σ) through the map given by Theo-

rem 2.2.

Proposition 4.5. [FKBL19, Theorem 5.1] Let i ∈ {1, 2}.
The algebra A := Sζ(Σ) is almost Azumaya and K := Sζ(Hi) is a finitely generated A-module.

We now can talk about Azu(Sζ(Σ)) and Azu′
Sζ(Σ)(Sζ(Hi)). Let

D2 := dimF rac(Z(A))(A ⊗
Z(A)

Frac(Z(A)))

And
d = dimF rac(Z(A))(K ⊗

Z(A)
Frac(Z(A)))

We will see in Proposition 4.7 that D = d.

4.3. Non-central characters. We are now ready to describe the important results about lo-
calized skein modules. The first result describes the localized skein modules of Σ at non-central
characters.

Proposition 4.6. [GJS25, Theorem 1.1.4][KK25, Theorem 1.2] For [ρ] the character of a non-
central representation of χ(M), m[ρ] ∈ Azu(Sζ(Σ)).

The second result describes the localized skein modules of the handlebodies Hi at non-central
characters.

Proposition 4.7. [FKBL25, Theorem 12.1][KK25, Lemma 6.5] For i ∈ {1, 2} and [ρ] the
character of a non-central representation of χ(M), m[ρ] ∈ Azu′

Sζ(Σ)(Sζ(Hi)). Moreover, D = d.

These two results will be used in the following:

Theorem 4.8. [FTFKB25] Let [ρ] be the character of a non-central representation of S(M)
and let n[ρ] be the multiplicity of [ρ], then:

Sζ(M)[ρ] ≃ S−1(M)[ρ] ≃ Cn[ρ]
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Proof. Since the theorem of [FTFKB25] only addresses irreducible characters we explain how
to use their proof in the general case.
The key idea is to notice that the only thing needed in [FTFKB25] about [ρ] is to verify
the hypothesis of [FTFKB25, Prop. 3.3] with both (K, A) = (S−1(Σ), Sζ(Σ)) and (K, A) =
(S−1(Hi), Sζ(Hi)). In [FTFKB25], this is done in [FTFKB25, Prop. 5.4] by [FTFKB25, Prop.
4.2] and [FTFKB25, Theorem. 4.1].
However, Proposition 4.6 and Proposition 4.7 ensure that every non-central representation [ρ]
is in (Azu(Sζ(Σ))

⋂
i∈{1,2}

Azu′
Sζ(Σ)(Sζ(Hi))), and Proposition 4.3 and Proposition 4.4 shows that

being in these sets are open conditions.
Therefore, [FTFKB25, Prop. 3.3] can be used with both (K, A) = (S−1(Σ), Sζ(Σ)) and (K, A) =
(S−1(Hi), Sζ(Hi)) at the level of non-central characters. □

4.4. The total skein module. Since central characters are isolated and reduced when M is
a rational homology sphere, in particular if X(M) is finite, reduced skein modules at central
characters are identical to localized skein modules. Then we have the following:

Proposition 4.9. [Kor25, Lemma 4.5] Let M be an oriented closed 3-manifold with finite X(M)
and [ρ], [ρ′] ∈ χ(M) be two central characters, then Sζ(M)[ρ] ≃ Sζ(M)[ρ′]

For the sake of completeness, we provide the proof below.

Proof. Let L, L′ ∈ Sζ(M) be represented by links, let K1, . . . , Kn be the components of L, and
let r(L, L′) = TN (L) ⊔ L′ −

n∏
i=1

(−tr(ρ(Ki)))L′. Then, Sζ,[ρ](M) is the quotient of Sζ(M) by all

the possible relations of the form r(L, L′) (and likewise for Sζ,[ρ′](M)).
Using the fact that the skein relations are H1(M,Z⧸2Z)-homogeneous, for ω ∈ H1(M,Z⧸2Z), the
automorphism fω : Sζ(M) → Sζ(M) determined by fω(L) = (−1)

∑
ω(Ki)L, for L represented

by link of components K1, . . . Kn, is well defined.
Since ρ and ρ′ are both central representations, there exists ω ∈ H1(M,Z⧸2Z) such that for any
knot K, one has that (−1)ω(K)tr(ρ(K)) = tr(ρ′(K)).
Since TN (−X) = −TN (X), the automorphism fω descends to an isomorphism Sζ,[ρ](M) ≃
Sζ,[ρ′](M). Using the fact that [ρ] and [ρ′] are reduced completes the proof. □

This is sufficient to prove Theorem 1.9:

Proof of Theorem 1.9. The right part of the decomposition is coming from Theorem 4.8 and the
left part is from Proposition 4.9. □

4.5. Comparison with [DKS25a]. Recall that |X(M)| is the number of points of X(M)
counted with multiplicity. Let η be the count without multiplicity.
First we prove Remark 1.4:

In their work, [DKS25a] establishes two inequalities : η ≤ dimQ(A) S(M) and dimQ(A) S(M) ≤
dimCC[χ(M)] = |X(M)|. However, using Theorem 1.9, we have the inequality |X(M)| ≤
dimQ(A) S(M), which gives their result without the first inequality and then without the reduced
(equivalently η = |X(M)|) assumption.

It is worth noting that it is tempting to try to prove the inequality dimQ(A) S(M) ≤ |X(M)|
following the same path as [DKS25a] in our setting, through the decomposition of Section 3.2:

S(EK(r), RU ) = F
⊕

i

RU⧸qsi
i
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Where F is a free RU -module.
However, here, −1 might be a root of U . In this case, we have RU

⊗
A=−1

C = 0 and we cannot

recover the dimension of S−1(EK(r)) by this decomposition.
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